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Nomenclature
B = ratio of phase lags, 1

2 ( s T / s q )
C = speci� c heat of mixture
E = activation energy
H = heat of reaction
k = thermal conductivityof mixture
q0 = constant heat � ux applied along x =0
R = universal gas constant
S = volumetric rate of heat release for mixture
T = temperature of solid constituent
Ti = initial temperature
t = time
x = position
a = thermal diffusivity of mixture, k / ( q C)
b = dimensionless activation energy, E / (RTi )
c = dimensionless parameter, q0( a s q )1/2 / (kTi )
d = dimensionless heat of reaction, 2 q m H ( a s q )1/ 2 / q0

g = dimensionless position, x / [2( a s q )1/2]
m = preexponential factor for reaction
n = dimensionless time, t / (2s q )
q = density of mixture
s q , s T = phase lags of heat � ux and temperature

gradient, respectively
} = dimensionless temperature, (T ¡ Ti )k / [q0( a s q )1/ 2]
x = integration variable in Eq. (2)

Superscript

¤ = value at approximate ignition time

Introduction

T HIS Note shows that non-Fourier dual-phase-lag (DPL) heat
conduction1 can signi� cantly reduce the ignitiontime of a solid

compared to Fourier conduction. Here “ignition time” is the time
needed for the solid to exhibit thermal runaway in surface temper-
ature. Ignition is induced by subjecting the solid to an external heat
� ux to accelerate an internal Arrhenius reaction and rate of heat
release.

Using DPL conduction may increase the accuracy of predic-
tions for ignition and lead to other improvements not anticipated
from Fourier conduction,as noted in the Conclusion.Applications2

that may involve DPL conduction include designing rocket motors
that use granular propellants and optimizing self-propagatinghigh-
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temperature synthesis (SHS) for the synthesizingof ceramics from
granular reactants.

Focusingfor themoment,however,on nonreactivegranularsolids
such as sand–air mixtures, we � nd that the conventionalapproach1,3

for predicting transient temperature uses Fourier’s law with lo-
cally identical temperatures for mixture constituents.Although this
conventional approach is suf� ciently accurate in most cases, its
predictions show signi� cant deviations from recent experiments.1,3

For example,1 in a block of sand with an internal heat source, the
conventionalapproachfails to provide accurate temperature predic-
tions near the source for a period of several seconds after heating
begins.The conventionalapproachfailsduring this periodbecauseit
does not account for thermal nonequilibriumbetweensand particles
and air in the block.

In contrast to this failure, the DPL model of conduction gives
accuratepredictions1 during the nonequilibriumperiod. Its accuracy
stems from the use of different temperatures for sand particles and
air along with the phase lags s q and s T of heat � ux and temperature
gradient, respectively. In general terms, the relative values of the
lags represent deviations from Fourier’s law, where, for instance,
s q =8.94 s and s T =4.48 s for a block of sand.1

It is convenient here to interpret s q as representing the delay (in-
ertia) in heat conduction that results from resistance to conduction.
This delaycouldarise, for example, from contact resistancebetween
sand particles. In comparison, s T is convenientlyinterpretedhere as
accounting for heat transfer (substructural interaction) between the
particles and air. Reference 1 discusses the lags in more detail and
shows that DPL predictions converge to those based on Fourier’s
law as sand particles and air approach local thermal equilibrium.

Turningnow to reactivegranularsolids,we see that predictionsof
transient temperature also typically use the conventional approach
involving Fourier’s law.4 Although experiments have not yet been
performed to provide evidence of DPL conduction in these reactive
solids, it is likely to occurbecauseof structural similarities to sand.2

However, non-Fourier behavior may have been overlooked in past
experiments.2

For constant q , C, k, s q , and s T , a one-dimensional DPL heat
equation1 applicable to a reactive granular solid composed of one
solid constituent and a gas (e.g., air) is
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where T is the temperature of the solid constituent in the solid–

gas mixture. The thermal diffusivity a should be determined under
steady-state conditions to avoid biasing its value toward transient
Fourier conduction or any particular model of non-Fourier con-
duction.

Interestingly, extended irreversible thermodynamics5 (EIT) can
provide heat equations that are analogous to DPL equations. For
example, setting S =0 in Eq. (1) reduces it to the EIT analog of
Eq. (54) in Ref. 5.

Expression for Ignition Time
To show the effect of DPL conduction on ignition, this Note

develops an expression for the approximate ignition time t ¤ of a
semi-in� nite solid occupying x > 0 with a uniform initial tempera-
ture. At t =0+ it is subjected to the constant heat � ux q0 along the
surface x =0 where ignition eventually occurs at t ¤ . Details of the
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solid and reaction are identical to those in Ref. 2, where ignition
involves hyperbolic conduction.

The Appendix of this Note de� nes the physical basis for the ap-
proximate ignition time with DPL conduction and then summa-
rizes the development of its expression, which incorporates previ-
ous work.2,6 In dimensionless terms, the DPL approximate ignition
time n ¤ is given by the implicit expression

1
p { * x 1

0

I3 d x + * x 2

x 1

I4 dx + * 1

x 2

I3 d x } =
1
c [ b

( d / 2c )
¡ 1]

(2)

for B < 1
2
, where B is a ratio of phase lags. The integrandsin Eq. (2)

are

I3 = (1/a x 2)((4a ¡ exp( ¡ A n ¤ / 2){[4 + 2 x 2(B ¡ 1)] sinh(a n ¤ )

+ 4a cosh(a n ¤ )})) (3)

I4 = (1/b x 2)((4b ¡ exp( ¡ An ¤ / 2){[4 + 2 x 2(B ¡ 1)] sin(bn ¤ )

+ 4b cos(b n ¤ )})) (4)

where A = (2 + B x 2), a = (A2 ¡ 4 x 2)1/ 2 / 2, and b = (4x 2 ¡
A2)1/ 2 /2. Further, the limits x 1 and x 2 in Eq. (2) are determined
from

x 1, x 2 = [2(1 ¡ B) ¨ 2(1 ¡ 2B)
1
2 ]

1
2 / B (5)

where the minus sign of ¨ pertains to x 1 and the plus sign cor-
responds to x 2. The integrals in Eq. (2) have to be evaluated nu-
merically, but the limits 0, x 1 , and x 2 are singular points. However,
L’Hôpital’s rule shows that I3 =2n ¤ at x =0. Similarly,at x 1 and x 2,

I3 and I4 = (2/ x 2) ((2 ¡ exp( ¡ A n ¤ /2){2 + n ¤ [2 + x 2(B ¡ 1)]}))
(6)

where x represents x 1 or x 2. For B =0, however, Eq. (6) pertains
to only x 1 because x 1 =1 and x 2 = 1 for this value of B.

Note that Ref. 1 shows B < 1
2 near the source of heat in the ex-

periments with sand cited earlier. Thus, by analogy with those ex-
periments, B < 1

2 is taken as relevant here because ignition of the
semi-in� nite solid is determined2 by its transient temperatureat and
near the surface subjected to q0 (the source of heat needed to induce
ignition). Also, phase lags determined for sand in the experiments
of Ref. 1 are used in the calculationsdescribednext because the lags
have not yet been obtained for reactive solids.

Effect of DPL Conduction
This Note calculates the DPL approximate ignition time n ¤ from

Eq. (2) by adopting the values of q0 and properties for solid pro-
pellants stated in Ref. 2. These values, along with s q = 9.0 s for
sand,1 give b =33 1

3 , d =1.75 £ 108, and c =0.58. For the several
types of sand reported in Ref. 1, relevant values of B range from
approximately 0.08 to 0.37. Here, however, B (= 1

2
s T / s q ) is treated

as a parameter over the wider range of 0 – 1
2 by � xing s q at 9.0 s and

varying s T . In particular, B = 0 ( s T =0) and 1
2 ( s T = s q ) correspond

to the limits of hyperbolic and Fourier conduction, respectively.6

Values for n ¤ corresponding to B < 1
2 were obtained by solving

Eq. (2) with a trial-and-error method. This method guessed values
of n ¤ for each B until both sides of the equationagreed to within 1%.
For B = 1

2
(Fourier conduction) the value of n ¤ was obtained with

the same method, except that it used the approximate ignition time
(not shown) corresponding to B ¸ 1

2 . (The Appendix summarizes
the developmentof this approximationfor B ¸ 1

2 .) For all values of
B, the numerical integrations were performed as in Ref. 6. Finally,
the expressions for approximate ignition time and this trial-and-
error method were tested by con� rming values of n ¤ calculated
with approximations of ignition time obtained independently2 for
hyperbolic and Fourier conduction.

Figure 1 shows the effect of B on n ¤ for the semi-in� nite solid.
The dashed lines show the limiting cases of n ¤ =0.69 for Fourier

Fig. 1 Effect of phase-lag ratio B on approximate ignition time »¤ .

(B = 1
2
) and n ¤ = 0.36 for hyperbolic (B = 0) conduction. The key

feature of this � gure is that DPL conduction can signi� cantly re-
duce ignition time compared with the time obtained with Fourier’s
law.

In general, Fig. 1 shows that DPL ignition time decreases as B
decreases from the Fourier limit of B = 1

2 . This decrease in ignition
time occurs because, as B (= 1

2
s T / s q ) becomes smaller with con-

stant s q (the case here), s T and its substructural effect also become
smaller, corresponding to less heat transfer between solid particles
and gas within the semi-in� nite solid.Hence,conductionin the solid
is increasingly con� ned to its network of particles, resulting in an
increased effect of conduction delay even though s q is constant. In
turn, this increasedeffect of delay causes the surface temperatureof
the solid to become progressivelyhigher than the surface tempera-
ture for Fourier conduction.6 Then this higher temperature causes
faster heat release at the surface and earlier ignition compared with
Fourier conductionbecause Arrhenius reaction rates increase expo-
nentially with increasing temperature. The limiting case of hyper-
bolic conduction (B =0) shows the smallest ignition time because
with s T = 0 it corresponds to the greatest effect of conduction de-
lay, leading to the highest surface temperature6 and most rapid heat
release.

More speci� cally, with B = 0.08, for example, and n ¤ from Fig. 1
of 0.4 and 0.69 for DPL and Fourier conduction, respectively,DPL
conduction causes approximately a 40% reduction in ignition time
relative to the Fourier time. In dimensional terms for this example,
the DPL approximateignitiontime is t ¤ =7.2 s, whereas the Fourier
time is t ¤ =12.4 s (obtainedbyusing t ¤ =2 s q n ¤ and s q = 9.0 s). Fur-
thermore,althoughthis reductionis basedon approximations,Ref. 2
shows that these types of approximations can give good estimates
of reductions in ignition times.

Conclusion
The reduction in ignition time just attributed to DPL conduction

raises the possibility of controlling and improving ignition in ways
not anticipated from Fourier conduction. For example, it may be
possible to manipulate the structure of a reactive granular solid to
� nd values of s q and s T that maximize this reduction. Then these
values would minimize the amount of energy required for ignition
because the same external heat � ux could be applied over a shorter
period. In practical terms for space-basedSHS, minimizing ignition
energy could reduce the payload weight of ignition systems and the
cost of lifting them into space.

In conclusion, the reduction in ignition time shown here and the
potentialfor improvementsnot anticipatedfrom Fourier conduction
providemotivation to further study the effect of DPL conductionon
ignition and other reactive processes involving solids.
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Appendix: Development of Expression
for Approximate Ignition Time

The physical basis of approximate ignition time for the semi-
in� nite solid with DPL conduction takes advantageof the expected
behavior for its surface temperature: For small values of time after
the application of q0 along the surface x =0, internal heating by
reaction should be small compared with external heating by q0 be-
cause the surface temperature and associated reaction rate are still
relatively low. Thus, these small time values correspond to a pe-
riod of nearly inert (nonreactive) heating dominated by q0. During
this inert period, the surface temperature is approximated by the
solution to the corresponding inert DPL problem where S =0. For
large times, however, the surface temperature is high enough for
heatingby reaction to dominate and cause thermal runaway. Hence,
approximate ignition time t ¤ is de� ned here as that intermediate
time when rates of internal heatingby reactionand external heating
by q0 become momentarily equal. The surface temperature at t ¤ is
the correspondingapproximate ignition temperature T ¤ .

Reference2 developsan expressionfor approximateignitiontime
by using the physical basis of t ¤ just described but for hyperbolic
conduction. (Reference 2 terms this hyperbolic approximation the
“rough approximation.”) Thus, by analogy, developing the expres-
sion for t ¤ with DPL conduction starts with Eq. (1A) in Ref. 2
because that equation is a convenient form for T ¤ of the semi-
in� nite solid regardless of the model chosen for conduction. Then
T ¤ is eventually related to t ¤ for DPL conduction. Consequently,
introducing b , d , c , and dimensionless DPL approximate ignition
temperature } ¤ into Eq. (1A) of Ref. 2 and then solving for } ¤

gives

} ¤ = (1/ c )[b / ( d / 2 c ) ¡ 1] (A1)

Equation (A1) here arises from the equivalence of external and in-
ternal heating underlying the approximate ignition time.

Completing the development for DPL conduction requires ob-
taining a relation between } ¤ and n ¤ and then using this relation to
replace } ¤ by n ¤ in Eq. (A1). For this relation to be obtained,Eq. (1)
from the main body of this Note is � rst made dimensionless by us-
ing B, } , b , d , and c , along with g and n . In particular, g =0 is the
surface of the semi-in� nite solid where ignition occurs at n ¤ . This
dimensionless form of Eq. (1) replaces Eq. (3A) in Ref. 2. Next,
with the use of the same reasoning as in Ref. 2, the dimensionless
form of Eq. (1), with appropriate boundary and initial conditions,
reduces to that describing the problem for the DPL inert heating
period. Section 3.1 in Ref. 6 states this inert problem, with some
differences in nomenclature from that of this Note. The solution to
this inert problem for B < 1

2
is given by Eq. (12) in Ref. 6. Convert-

ing that equation to the nomenclature of this Note and then setting
g =0 and n = n ¤ in the converted equation provides the relation be-
tween } ¤ and n ¤ . Then using this relation to replace } ¤ in Eq. (A1)
here provides the implicit expression for n ¤ when B < 1

2 , given as
Eq. (2) in the main body of this Note. Alternatively, the expression
for n ¤ when B ¸ 1

2 is obtainedby using Eq. (11) from Ref. 6 in place
of Eq. (12).
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Band Lumping Strategy for Radiation
Heat Transfer Calculations Using

a Narrowband Model
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Ottawa, Ontario K1A 0R6, Canada

Nomenclature
f = species molar fraction or the distribution function

of the absorption coef� cient
g = cumulative distribution function
gi = the i th Gauss quadrature point
Ii = radiation intensity at the i th quadrature point,

W/m2 cm ¡ 1 sr
k = absorption coef� cient, m ¡ 1

ki = absorption coef� cient at the i th quadrature point, m ¡ 1

L = path length, m
s = position variables along a line of sight, m
T = temperature,K
w i = weight parameter of the i th Gauss quadrature point
4 m = wave number interval of a band, cm ¡ 1

m = wave number, cm ¡ 1

¯s = band-averagedgas transmissivity

Subscripts

b = blackbody
nb = narrowband
wb = wideband

I. Introduction

A CCURATE calculations of real-gas radiation are inherently
dif� cult due to the extremely strong spectral variations of gas

radiativeproperties. In combustion, real-gas practicallymeans CO2

and H2O present in the combustion products for hydrocarbonfuels.
Oversimpli� ed gas radiation models yield large errors in the pre-
diction of gas radiation and cannot be used as a reliable radiation
submodel in an overall combustion or � ame code. The exact line-
by-line (LBL) calculations, however, are far too computationally
intensive to be applied to problems of practical interest. Therefore,
substantial research efforts have been devoted to development of
accurate and ef� cient nongrey gas radiation models.

The statistical narrowband correlated-k (SNBCK) method rep-
resents an ef� cient alternative for implementing the statistical nar-
rowband (SNB) model. The method has recently been applied to
two-dimensional real-gas radiation transfer by Goutière et al.,1

and they found that the SNBCK method yields total quantities al-
most identical to those of the SNB model with far less comput-
ing effort. The SNBCK method overcomes the dif� culties of the
SNB model because it extracts gas absorptioncoef� cients from the
SNB gas transmissivity. As a result, any radiative transfer equa-
tion (RTE) solvers, especially the ef� cient and accurate discrete-
ordinates method (DOM), can be used. Extension of the SNBCK
method to scattering problems is straightforward. The seven-point
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